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Abstract

We present a ridge polynomial wavelet-type system on the unit b&f isuch that any continuous
function can be expanded with respect to these wavelets. The order of the growth of the degrees
of polynomials is optimal. Coefficient functionals are the inner products of the function and the
corresponding elements of a “dual wavelet system”. The “dual wavelets” is also a ridge polynomial
system with the same growth of the degrees of polynomials. The system is redundant.
© 2005 Elsevier Inc. All rights reserved.

1. A function F(x - 0), wherex, § € R?, x - 0 is the inner product anBl is an univari-
ate function, is called a wave function (i) with the wave directiord. Ridge functions
are linear combinations of wave functions. These functions appear naturally in harmonic
analysis, special function theory, and in several applications such as tomography and neural
networks. Ridge approximation ihy was actively studied in the last years by Oskolkov
[16—18], Majorov [10], Temlyakov [23], Petrushev [19] and others. Many unexpected phe-
nomena were found. For example, it turned out that the equidistributed wave directions are
not necessary optimal even for approximation of radial functions. Logan and Schepp [8]
found an orthonormal basis itp(B?) (B is the unit disk) consisting of Chebyshev wave
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polynomials with equispaced wave directions. Their ideas were develog&@]irPetru-
shev [19] found a tight frame ih(B<), whereB¢ is the unit ball inR?, consisting of wave
polynomials, which provides a ridge polynomial expansion for any funcfian L>(B¢)
with the minimal possible growth of the degrees of polynomials.

The goal of this paper is to find ridge polynomial expansions for the spa€). In
the one-dimensional case, polynomial expansions of continuous functions on the circle and
on the interval was actively studied by many mathematicians for almost forty years. First
polynomial basis foC[a, b] was found in 1961 by Foias and Singer [5]. The growth of the
degrees of polynomials in this basis was exponential. In 1987, Privalov [20] constructed
optimal polynomial bases (regarding the growth of the degrees of polynomials) for the
space of continuous functions in both the trigonometric and the algebraic cases. However,
his bases were not orthogonal. Optimal trigonometric polynomial orthogonal bases were
found due to development of wavelet theory. Offin Oskolkov [15] noted that periodic version
of Meyer wavelets provides trigonometric polynomial Schauder basis of optimal (up to a
constant factor) growth of the degrees. Lorentz and Sahakian [9] proved that the packets
of periodic Meyer wavelets form required bases. Using some generalized shift operators
Skopina [21] found a similar wavelet systemlip[a, b] and proved that the corresponding
wavelet packets are optimal polynomial orthogonal bases for the §gacé]. Though this
construction can be realized in any Hilbert space with a polynomial orthogonal basis, it is
not clear if the Lebesgue functions of the wavelet Fourier sums are bounded in general. In
particular, itis very doubtful that in this way we can provide uniform convergent expansions
for continuous functions on the ball and on the sphere. Wavelet-type polynomial systems
on the two-dimensional sphere were proposed by Freeden and Schreiner [6]. In contrast
to classical wavelet bases these systems are not orthogonal. Moreover, they are even not
Ly-bases, and the expansion of an arbitrary function does not conveige generally
speaking. Nevertheless, expansions with respect to such systems are very alike usual wavelet
series. In particular, a multiresolution structure is preserved in a certain sense. In [22]
Skopina investigated a special cases of Freeden—Schreiner’s wavelets and proved that in
this case the wavelet expansion of any continuous function uniformly converges to the
function. This construction was transferred to the disk due to some special connections
between a weighted orthonormal polynomial basis on the disk and the Laplace series.
Moreover, since this basis consists of wave polynomials, ridge polynomial expansions
for C(B?) have been found. It was important that= 2 for both the construction and
the proofs. In the present paper we will use other ideas to find a similar construction
ford > 2.

Another construction of ridge wavelets (ridgelets) was proposed by Candes [2-4]. He
studied ridgelet expansions of functionsZin([0, 11¢). His construction is essentially dif-
ferent from ours.

2. Throughout the paper we consider that a positive intgggfixed and use the following
notations:x - y = xiy1 + --- + xqyaq, |x| = J/x-x for x,y € R¢, ]_[Z is the space
of polynomials ind variables of degree at most P, := [[? © ]‘[i_l, G} denotes the
standarchth Gegenbauer polynomial of ordé&r

_ d/2
Un = (hn,a'/Z) 1/2Gn/ s
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where
1 )
hy Z/l(Gﬁ) )

BY = {x € R? : |x|<1}is the unit ball inR¢, | B| is the volume ofB?, s¢~1 = 6B is
the unit sphere iR, for functionsf, g € L2(B%), the inner product is

(i) = / orers
Bd

N m+1(n+2)...(n+d—-1)
e 2(2m)d-1 ’
Our arguments will be essentially based on the following results obtairj@é@jn
The polynomialsl, (¢ - x), ¢ € st are in[%, U, (¢ - x), is orthogonal t[?_; in
Lo(B%), in particularly, ifm # n, then

[, vntx -ty dx =0, @

forall ¢, n e $91, and

/Bd Uy(x - U, (x -n)dx = U0 (2)
For eachx € B¢ and for eachy € S~1, we have
Un 1 Un :
[, vt e ae = ST, ©)
§d—1 Vn

Theorem 1(Petrushe\19]). Each functionf € Ly(B?) can be represented uniquely as
L o
=D IR )

n=0

where
0u(f. x) = v / An(fo OUn(x - &) dé
Sdfl
with
Ao &) = /B OG- D dy.

Moreoverthe operatore,,n = 0, 1, .. ., are the orthogonal projectors frorhy(B?) onto
P, and the Parseval identity holds

e¢]

e.¢]
112, ey = D NQa(HIZ, gay = D vall Anll? a1,

n=0 n=0
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It follows from Theoreml that
[y [ vao-ou6aae=0 (4)
Bd Sd—l

foralln > 1andforallk € B? because the left-hand side of (4) is the orthogonal projection
of the functionf = 1 ontoP,.

Integral representation @, given in Theorem 1 can be rewritten as a discrete sum by
using a quadrature formula &if 1

[ rod= Y s,

weQ,

whereQ, is a set of distinct points o8¢~1, #Q,, < n?~1, J,>0, which is exact for all
spherical polynomials of degree at most Re. for every spherical polynomi&l degS < 2n,
we have

fs | S@dE= ) iS(). )

we,

Realization of this quadrature is possible for a large class oft}ethie to Theoren3. It
follows from (5) that, for allx, y € B?,

[, vnte 000 01 = T Gt )y -0, (6)
gd—1

weQ,
and
On(fs )=V Y JAn(f, ) Un(x - 0)

weQ,
=Vn /l;d f) Z laUn(x - 0)Uy(y - w) dy. (7)
weQ,

Furthermore, we have the following equality:

A2 a1y = D AolAn(f. @)

we,

By Theoreml and (7), we have a ridge representation for the orthogonal projection of a
function f € Lo(B%) ontoP,. Onthe other hand, this projection can be explicitly expressed
via an orthonormal polynomial basis fép(B?). Such a basis was found by Xu [24]. This
basis consists of algebraic polynomidls,, n = 0,1,...,k=1,...,r, r, < n?"1 the
degree ofP, is exactlyn. So, we have

I'n

0u(f.0) = YU PP = [ F )Y P Putx) dy ®)
k=1

k=1

forall f € Lo(B?) and allx € BY.
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Theorem 2(Xu[24]). The(C, d + 1) Cesaro means of the Fourier orthogonal series with
respect to the systefP,;} define a positive operator.e. for each positive integer N and
forall x, y € B?, the following inequality holds:

N T
N—-n+d+1 n
rg ( d+1 ); Pk (y) P (x) 0. ©

Due to (8), the operator

NOUN—ntd+1\ &
f_)ZO< ;:1+ >Z<fank>Pnk

k=1
coincides with the operator
N

N—-n+d+1
f—>2;< ;+1 )Qn(f).

Hence, by Theorem, the latter one is also a positive operator, and we have

N
N-n+d+1
’;( d+1 )ansd_lUn(x-é)Un(y-é)d§>o (10)

for each positive integed and for allx, y € B<.

3. We need a cubature formula 81 with nonnegative coefficients. Maybe appropriate
formulas are known. Since we could not find them, we present our construction based on
the method of iterating quadratures (see, ¢lgl, Chapters 3, 6.4] or [7,13]) and on the
following statement summarized the results given in [12] (see also [11, Theorem 2.1]).

Theorem 3. There exist constant§; and A; depending only on d so that for any finite set
{n¢}een of distinct points, € $4~1 and for any positive integelV > N, satisfying

N max min |x —n,| < Ag,
xesd=1 (ecA

there exist nonnegative weighig ¢ € A, such that

[, Peds =3 aron

LeA

forall P e [14%.

Due to this theorem, we can assign to each positive intjeageet{éﬁ,{)}meA/ of distinct
points¢\) e s¢-1 and a se{oc,(,{)}meA/. of nonnegative weights such thg; ~ 2/@~b
and '

/SH Pydx= Y o PEY) (11)

meA;
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forany P ¢ ]_[‘21_;+1. Iterating this with the Gauss-type quadrature formula

2/ 41

1 )
/ 1+ T)d71¢(f) dt= Z y,((/)q) (r,(('/)), (12)
~1

k=1

Wherey,(f) >0 andr,((j), k=1,...,2 41, are the zeros of the Jacobi polynonﬂéﬁf{”
(see, e.g 1, Chatper 6, Section 2]), we can arrange the following cubaturgfor

1
/ Forydx = / P dp / Fod de
B4 0 gd-1
1 1 _ t4+1
27/ (14 1) 1dT/Sdlf( 5 5) dr

241 )]
~ 0,0 (St
3L rw ()

k=1 meA

241
Z Z ﬂ(’) < f(/))

k=1 meA;

Redenote the set of points

(J)
+ 1 »
A TED k=1,...,2 meA;

by{t/)}gep andthecorrespondingfactcﬁg) byaéj),ﬂ e D;. Itisclearthat(’) B4 for
all¢ € Dj andgD; ~ 24/, Since the quadrature formula (12) is exact on thd@g;lﬂ,
due to (11) we have

/ Pydx= Y al P") (13)
B teD;
forany P € 172]+1+1 Additionally we introduce the sddq := {0} and puta(o) |BY|.
3. Let
(2-f—n+d+1>
d+1
hjn) = (i)
d+1

forn =0,...,2/, hj(n) = 0forn > 2/, and setg;(n) = hj(n) + hj_1(n), g;(n) =
hj(n) —hj_1(n)for j =1,2,...,n=0,1,..., g0(0) = ho(0) + 1, go(0) = ho(0) — 1,
go(n) = go(n) = 0forn = 1,2, ....Foreach nonnegative integend for eaclf € D1,
define the wavelet functiot ;,, the dual wavelet functios ;, and the scaling function

@(j+1)e BY

l//]g(x)—z gimvn > doUnt ™ ) Uy - @),

n=0 we,
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w,Ax)—Z Fimvn Y. IoUnt ™ - 0)Uy(x - @),

n=0 weQ,

1
<p<,+l)e<x)—2h W Y IoUnt ™ ) Un(x - @)
n=0 we,

Complete this collection by the functiapy = @9 = 1/v/|B4|.
For f € C(B%), we will study the convergence of the series

(fooooot . > a0 (14)

i=0 ¢eDj1

Lemma 4. Forany f € C(BY),

j—1
(fooooo+ . D al ™o = > a (000 (15)

i=0 ¢eD;i1 teD;
Proof. On the basis of (13) and (6),

> afif, w,-zm,'e:/ dt/ dy £ ()
Bd Bd

ZED_,'

: Z hj—1(n)v, /d_l Un(t - OUy(y - & dé

Sy e [ Ui Ui,
n=0

Using (1), (2) and (3), we derive the right-hand side to

S h? 1(n)vf

[, avro > St [ [ anvio 00,6 9UL6n

- 2 . .
= /t;d dy f(y) ,,2:; h5_1(n)vy /Sd_l dnUy(y - HUu(x - 1.

Hence,
Z a(]) ([0 = Z hf_l(n)Qn(f,x). (16)
teD; n=0
Similarly,
Y a0 () = Z 2i(n)8i () O (f. x). (17)

teDjt1 n=0
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Sinceg; (n)gi (n) = h?(n) — h?_|(n), it follows that

() i—1)
Z“fl (fs @ig)@ig = Z “zl (fs @i-10)Pi-1)e

LeD; eD;_1
+y a (F V-1
LeD;
Summing these equalities over ak= 1, ..., j we obtain (15). O

Lemma 4 shows that the expansions with respect to the systemis {y ;, } have wavelet
structure.
Assign to eacld C D; 1 the partial sum of (14)

Jj-1 , N
Ajs(H=(f.o0eo+ Y. Y. al ™

i=0 ¢eDj 1

+Z aéﬁl)(f, Jj!i)l//j(b

ted
Theorem 5. For any f € C(B?),
j"_)moo If = Ajs(llee =0, (18)
where the convergence is uniform over@lt D; ;.

Proof. First we will prove that the operators; ; taking C(B?) to C(B?) are uniformly
bounded. By (6), (10) and (13),

A0l =Y a(fo0e

EED_,‘

'fB ar [ v o IURR [, va-ou0-0a

x 3 hjaton [ Uete UGy d

d
n=0 S

<Uftee [ ar [ oy > st [, vt ou,r-oae

X3 st [ ke UCe -

d
k=0 S

From this, using (4), we obtain

IA; gl <V3. (19)
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Similarly, taking into account thaiéj) >0, we have

Z ay ™, le)‘//jz(x)

Led
1 / >
< [ anron YY hwn,
led s=j—1 n=0

) f Un (™ - Uy - ) dE
Sd—l

J o0
<3 el [ U U

r=j—1 k=0

< flloo a f dy Z Zh (v

KeDjJrl s=j—1 n=0

y / B GARRISUACRIY:
-

i '
<3 D m [, v vty an
r=j—1 k=

(J+1)
—1flee [ ar [ oy 3 Zh(n)vnf[_ U U - 8

s=j—1 n=0

i 00
S IACTY BN

r=j—1 k=0
= 45 £ lloo-
This and (19) yield|A; || <5.

137

Now, by the Banach—Steinhaus theorem, it suffices to check that (18) holds on the set of

polynomials Let

In

f= Z Z Otk Pk -

n=0 k=1
It follows from (8) and (16) that
N

Ajg(f) =) B 1 Q0u(f)
n=0
N rn
=" R, ) Y (S Pai) Pk
n=0 k=1
N rn
= Z hifl(n) Z Ok Pk -
n=0 k=1
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Since

lim hj(n) =1, (20)
J—>00

wheneven is fixed, we obtain

lim I = Ajg(llec = 0. D
J—>00
Due to Theoren,
o _ 1 n i1
Z aéH " f, ViV = Z a/* )Z j(m) Z “""P"k(téﬁ ))Wﬂ
led led

<N max |hj(n)—h;_ P
omax, 1hj(m) = h; 1(”)|]§|°€nklll kNl oo

x> lag Py @), (22)

Led

By (6), (10) and (13), taking into account the positivityaﬁfH) we have

> la 1< Y (ﬁl)(z” ) / U9 ™ Ui (r - ) doo

Led leDj+1

Zh] 1(n)/ U e Ui (x - w) doo

)

/Bd < Z hj (”)/ Ui(t - Uk (x - w) do

Zh, 1(n) / Ur(t - Ui (x - o) do

n=0

= 2/ dt = 2|BY|.
Bd

Combining this with (22), we obtain

+1)
Jll—>moo Z 4y ¢ (. l///E Vie| =0
o

where the convergence is uniform over@lt D; 1. Due to Lemmat and (21), this proves
(18). O
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